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1. An Overview of University Endowments

v An endowment is an aggregation of assets invested by a college 
or university to support its educational mission in perpetuity. 

v Endowments serve institutions and the public by:
§ providing stability 
§ leveraging other sources of revenue 
§ encouraging innovation and flexibility
§ allowing a longer time horizon 

v Endowment funds follow very strict asset allocation policies 
and payout policies. 



1. An Overview of University Endowments

*Data source is National Association of College and University Business Officers (NACUBO)
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1. An Overview of University Endowments

v The most basic fiduciary responsibility of an endowment trustee is 
preservation of the corpus of the fund in perpetuity.*

v Two commonly used practices for endowments to preserve capital:

1) Having a spending rate less than the expected return
(E.g. “The primary objective of the Great State University 
Endowment is to preserve the purchasing power of the endowment 
after spending...which means, on average, an annual total rate of 
return equal to inflation plus actual spending”.)

2) Using a moving average rule to smooth spending
(E.g. UC Berkeyley, UC Irvine, and UC Santa Cruz plan to spend 
about 4.5% of a twelve-quarter (three year) moving average 
market value of the endowment pool.) 

* Spitz, William. T. (1999), Investment Policies for College and University Endowments. New Directions for Higher Education, 1999: 51–
59. doi:10.1002/he.10705

__________________________________________________________________________________________________________________________________________



2.1 Definition of Preservation of Capital

v A policy preserves (resp. destroys) capital if the value of a unit of the 
endowment in real terms goes to infinity (resp. zero) over time in probability.

§ Returns are inflation−adjusted.
§ Future contributions are not included

Endowment wealth is said to be destroyed if the real value of a unit Wt
vanishes over time: plimt→∞Wt = 0.

_________________________________________________________________________________________________________________________________________________

* As is conventional, plim indicates convergence in probability. By definition, plimt→∞Wt = ∞ if for all X > 0, prob(Wt > X)→1 as t→∞

v 𝑊% =	𝑊%()	 1 + 𝑟𝑡 − 𝑠𝑡
§ 𝑊𝑡: the real value of wealth in the unit at time t
§ 𝑟𝑡: the real rate of return at time t
§ 𝑠𝑡: the spending rate at time t

v Endowment wealth is said to be preserved if the real value of a unit Wt
becomes arbitrarily large over time: plimt→∞Wt = ∞.*



2.2 Preserving Capital in Discrete Time

v The traditional criterion says that the spending is less than the return on the 
portfolio, that is, s < r, then capital is preserved. 

𝑊% =	𝑊%()	 1 + 𝑟 − 𝑠
=	𝑊0	(1 + 𝑟 − 𝑠)%	

v However, the application of the law of large numbers is fallacious because the law 
of large numbers applies to sums, not products.

𝑊% =	𝑊%()	 1 + 𝑟𝑡 − 𝑠%
= 	𝑊0 	∏ (1 + 𝑟4 − 𝑠4)%

45)

v E.g.: an endowment has a spending rate of 0% and an investment that triples or is 
reduced by a factor 1/9 with equal probabilities:

													𝑊% = 𝑊06 (1+ 𝑟𝑖 − 𝑠𝑖)
%
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2.2 Preserving Capital in Discrete Time

v To correct the traditional criterion, we can convert the multiplication of a sum by 
taking logarithms:

log 𝑊𝑡 = log 𝑊0 +; log	(1 + 𝑟4 − 𝑠4)
%

45)

v Recall Wt / Wt-1 = 1 + rt – st. Assume 1) W0 > 0, 2) Wt / Wt-1 .is i.i.d. over time, and 
3) log(Wt / Wt-1) has finite mean and variance. 

v Then, 1) endowment capital is preserved if and only if E[log(Wt / Wt-1)] = E[log(1 
+ rt – st)] > 0 and 2) endowment capital is destroyed if and only if E[log(Wt / Wt-1)] 
= E[log(1 + rt – st)] < 0.

v By Jensen’s inequality and concavity of the logarithm, we have E[log(Wt / Wt-1)] 
≤	log(E[Wt / Wt-1]) with inequality if and only if Wt / Wt-1 is riskless.

v Corrected criterion E[log(Wt / Wt-1)] = E[log(1 + rt – st)] > 0

Traditional criterion E[(Wt / Wt-1)] = E[(1 + rt – st)] > 1



v E.g. Suppose a portfolio has a mean return of 5% and a standard 
deviation of 15%. The traditional rule says the mean spending rate 
must be less than 5%. By the Taylor series expansion, we have

𝐸 log 1 + 𝑟 − 𝑠 	≈ 𝐸 𝑟 − 𝑠 − )
O
𝑉𝑎𝑟 𝑟 − 𝑠

		= 5% − 𝑠 − )
O
0.15 2

				= 3.875%− 𝑠

2.2 Preserving Capital in Discrete Time

v Consider investing in a portfolio with risky asset.
𝜇𝑝: mean return of risky asset
𝜃: the proportion of risky asset in the portfolio

Traditional criterion: r + 𝜃 𝜇𝑝 − 𝑟 > 𝑠. 
Corrected criterion: the curvature of the logarithm implies that given s,

E log 1 + r + 𝜃 𝜇𝑝 − 𝑟 − 𝑠 < 0.



2.3 Preserving Capital in Continuous Time

0       if s < 𝜇 − 𝜎2/2
1/2    if s = 𝜇 − 𝜎2/2
1       if s > 𝜇 − 𝜎2/2

→t↑∞

v The wealth of endowment follows the stochastic differential equation:
𝑑𝑊𝑡

𝑊𝑡
= 𝜇𝑑𝑡 + 𝜎𝑑𝑍𝑡 − 𝑠𝑑𝑡

v Applying Itˆo’s Lemma to log(Wt), and using the above equation,

𝑑log 𝑊𝑡 = 𝜇 −
𝜎2

2 𝑑𝑡 + 𝜎𝑑𝑍𝑡

log 𝑊𝑡 = log	(𝑊0) + 𝜇 −
𝜎2

2 𝑡 + 𝜎𝑍𝑡

N log 𝑊0 + 𝜇 − ^O

O
𝑡, 𝜎2𝑡

v 𝑝𝑟𝑜𝑏 𝑊𝑡 ≤ 𝑋 = 𝑝𝑟𝑜𝑏(log 𝑊𝑡 ≤ log 𝑋 ) = 𝑁(
def g (def h% ((i(
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3.1 Smooth Spending: Riskless Case

v A traditional moving average spending rule assumes the dynamic of spending to be 
𝑑𝑆𝑡 = 𝜅 𝜏𝑊𝑡 − 𝑆𝑡 𝑑𝑡

𝜏: the target spending rate
𝜅: the adjustment speed

v If the endowment only invests in a riskless bond with constant risk-free rate r, then 
the wealth process is given as 𝑑𝑊𝑡 = 𝑟𝑊𝑡𝑑𝑡 − 𝑆𝑡𝑑𝑡.

𝑡 =
1

𝜆1− 𝜆2
ln −

𝐾2

𝐾1

𝐾1 =
𝑊0 𝜆1− r + S0

𝜆1− 𝜆2
	and	𝐾2 =

𝑊0 𝑟 − 𝜆2 − S0
𝜆1 − 𝜆2

𝜆1 =
𝑟 − 𝜅 + 𝜅− 𝑟 2 − 4𝜅 𝜏 − 𝑟

2 	and	𝜆2 =
𝑟 − 𝜅 + 𝜅+ 𝑟 2 − 4𝜅𝜏

2

v Given a high initial spending rate	S0/𝑊0, the value of a unit declines 
proportionately more than spending. As the ratio of wealth to spending falls, this 
effect accelerates and wealth converges to zero in a “death spiral”. 



3.1 Smooth Spending: Riskless Case

v Example: 

Assume W0 = 100, S0 = 15, r = 5%, the target spending rate 𝜏 = 4%, 

and the adjustment rate 𝜅 = 20% each year. 

The wealth at the next year is 

W1 = W0 (1 + r – s ) = 100 * (1 + 5% – 15%) = 90

The adjustment of spending is 

ΔS = 20% * (4% * 100 – 15) = – 2.2

The spending rate in the next year:

S1 = (20 – 2.2) / 90 = 19.8%



3.2 Smooth Spending: Risky Case

v Given the moving average spending rule, the endowment has return with
constant mean and volatility, then the wealth process is given as

𝑑𝑊𝑡 = 𝑊𝑡	(𝜇𝑑𝑡 + 𝜎𝑑𝑍) − 𝑆𝑡𝑑𝑡 = (𝑊𝑡	𝜇 − 𝑆𝑡)𝑑𝑡 + 𝑊𝑡 𝜎𝑑𝑍

v Theorem: when the endowment uses the moving average spending rule with 
positive target spending rate 𝜏, no matter how small, and the i.i.d. investment 
process, the value of a unit hits zero in finite time (almost surely) and therefore 
capital is always destroyed. 

v Sketch of Proof
1. Write down dynamics of Ut = Wt / St
2. Find F increasing such that Qt = F (Ut) is a local martingale.
3. Note that F(0) is finite and F(∞) = ∞.
4. Since Qt is a continuous local martingale, it is a time-changed 

Wiener process, i.e. there exists Bs with B0 = Q0 and unit variance per 
unit time with Qv(s) = Bs for some increasing continuous function v.

5. We know Bs reaches 0 in finite time and we know how long Bs

spends on average at different levels before hitting 0.



3.3 A Modified Smooth Spending Rule

v A modified smooth spending rule that preserves capital is:

v This smooth spending rule preserves capital if and only if the 
parameters satisfy the following condition: 

𝜇 −
𝜎2

2
− exp 𝑙𝑜𝑔𝜏 +

𝜎2

4𝜅
> 0



4. General Condition for Preservation of Capital

v Suppose Z is a standard Wiener process, the wealth dynamic follows 
														𝑑𝑊𝑡 = 𝑊𝑡 𝜇𝑡𝑑𝑡 + 𝜎𝑡𝑑𝑍 − 𝑆𝑡𝑑𝑡 = 𝑊𝑡𝜇𝑡 − 𝑆𝑡 𝑑𝑡 + 𝑊𝑡𝜎𝑡𝑑𝑍

																	𝑊𝑡 = 𝑊0 exp z 𝜇𝑣 −
1
2𝜎𝑣

2 − 𝑠𝑣
%

|50
𝑑𝑣 − z 𝜎𝑣𝑑𝑍𝑣

%

|50

v Given some general stochastic processes of 𝜇𝑣, 𝜎𝑣2, and sv, and for ∀𝑣 > 0, 𝜎𝑣
> 0, and sv > 0. and the following limit exist

lim
%→�

1
𝑡 𝐸 z 𝜇𝑣 −

1
2 𝜎𝑣

2 − 𝑠𝑣
%

|50
𝑑𝑣 = 𝐵

lim
%→�

1
𝑡2 𝑉𝑎𝑟 z 𝜇𝑣 −

1
2𝜎𝑣

2 − 𝑠𝑣
%

|50
𝑑𝑣 − z 𝜎𝑣𝑑𝑍𝑣

%

|50
= 0

then the spending process preserves capital in the sense that
lim
%→�

Pr	(𝑊𝑡 < 𝑊0) = 0,

if and only if the limit B > 0.



4. General Condition for Preservation of Capital

v Special Case: Temporarily Negative Real Risk-Free Rate

The stock price follows a diffusion process as

𝑑𝑃𝑡
𝑃𝑡

= 𝑟𝑡 − 𝜄 + 𝜋 𝑑𝑡 + 𝜎𝑑𝑍𝑡

where 𝜄	is a constant inflation rate and 𝜋 is a constant risk premium. With 
a fixed portfolio 𝜃 in stock, the wealth process follows,

𝑑𝑊𝑡 = 𝑟𝑡 − 𝜄 𝑊𝑡𝑑𝑡 + 𝑊𝑡𝜃 𝜎𝑑𝑍𝑡 + 𝜋𝑑𝑡 − 𝑆𝑡𝑑𝑡
= 𝑊𝑡 (𝑟𝑡 − 𝜄 + 𝜃𝜋 𝑑𝑡 + 𝜃𝜎𝑑𝑍𝑡) 	− 𝑆𝑡𝑑𝑡

Then, the endowment can preserve capital if and only if

𝐸 𝑟𝑡 − 𝜄 + 𝜃𝜋 −
𝜃2𝜎2

2
> 𝐸 𝑠𝑡

where the spending rate 𝑠𝑡	 is covariance-stationary process.



5. Optimization Models

v Impose a drawdown constraint introduced by Grossman and Zhou (1993), 
which requires that wealth can never fall below a certain percentage of the 
previous maximum of wealth.

v Given the initial wealth W0 and initial spending S0, choose an adapted portfolio 
{𝜃𝑡}%50� and an adapted rate-of-change-of-spending process {𝛿𝑡 = 𝑆′𝑡}%50� to 
maximize expected utility

max
�,�

𝐸 z 𝑒(�%
𝑆𝑡1

− 𝑅

1 − 𝑅

�

%50
𝑑𝑡

𝑠. 𝑡.𝑑𝑊𝑡 = 𝑟𝑊𝑡𝑑𝑡 + 𝜃𝑡 𝜇𝑃 − 𝑟 𝑑𝑡 + 𝜎𝑃𝑑𝑍𝑡 − 𝑆𝑡𝑑𝑡 − 𝑘
𝛿𝑡2

𝑆𝑡
,

𝑑𝑆𝑡 = 𝛿𝑡𝑑𝑡.
∀𝑡,𝑊𝑡 ≥ 0.

Where 𝜌 is the pure rate of time preference, and R is the constant relative risk 
aversion. It is assumed that 𝜇𝑃 − 𝑟, 𝜌, 𝜎𝑃, k, and r are all positive constants. 



6. Conclusion & Personal Thoughts

v The paper provides two valid arguments on two commonly used rules of 
thumb to preserve capital for university endowment.   

1) Having a spending rate less than the expected return on assets

2) Using a moving average rule to smooth spending

v The optimization program is incomplete and may be less useful for 
practitioners. 
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